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1 Introdution
Finsler geometry is an important generalization of Riemannian geometry. It
was introdued by P. Finsler in 1918 from onsiderations of regular problems
in the alulus of variations. In Finsler geometry metri needs not to be
quadrati on the tangent spaes, thus the struture of Finsler spaes is
muh more ompliated then the struture of Riemannian spaes. But many
notions and theorems were generalized to Finsler geometry from Riemannian
geometry.
In [1℄, [2℄ the following result was proved.
Theorem 1.
LetMn+1 be an (n+1)-dimensional Hadamard manifold with the setional
urvature K suh that −k22 6 K 6 −k21, k1, k2 > 0. Let Ω be a ompat λ-
onvex domain inMn+1 (i.e. domain, whose boundary is a regular hypersurfae
with all normal urvatures that are greater or equal than λ) with λ 6 k2. Then
there exist funtions α(r) of the inradius and β(R) of the irumradius suh
1
that α(r)→ 1/(nk1) and β(R)→ 1/(nk2) as r and R go to innity and that
α(r)
λ
k2
6
V ol(Ω)
V ol(∂Ω)
6 β(R).
As a onsequene, for a family {Ω(t)}t∈R+ of ompat λ-onvex domains
with λ 6 k2 expanding over the whole spae we obtain
λ
nk22
6 lim
t→∞
inf
V ol(Ω(t))
V ol(∂Ω(t))
6 lim
t→∞
sup
V ol(Ω(t))
V ol(∂Ω(t))
6
1
nk1
.
Our goal is to generalize this theorem for Finsler manifolds. We onsider
metri balls as the family {Ω(t)}t∈R+ . We shall also need bounds for one of
non-Riemannian urvatures, namely S-urvature. As the result we prove the
following theorem.
Theorem 2.
Let (Mn+1, F ) be an (n+1)-dimensional Finsler-Hadamard manifold that
satises the following onditions:
1. Flag urvature satises the inequalities −k22 6 K 6 −k21, k1, k2 > 0,
2. S-urvature satises the inequalities nδ1 6 S 6 nδ2 suh that δi < ki.
Let Bn+1r (p) be the metri ball of radius r in M
n+1
with the enter at a point
p ∈ Mn+1, Snr (p) = ∂Bn+1r (p) be the metri sphere. Let V ol =
∫
dVF be
the measure of Busemann-Hausdor, Area =
∫
dAF the indued measure on
Snr (p). Then there exist funtions f(r) and F(r) suh that f(r)→ 1/(n(k2−
δ2)) and F(r)→ 1/(n(k1 − δ1)) as r goes to innity and that
f(r) 6
V ol(Bn+1r (p))
Area(Snr (p))
6 F(r).
Here
f(r) =
1
(1− e−2k2r)n
(
1
n(k2 − δ2) −
n
n(k2 − δ2)− 2k2 (e
−2k2r − e−nr(k2−δ2))
)
F(r) = 1
n(k1 − δ1)(1− e
−nr(k1−δ1)).
As a onsequene, for a family {Bn+1r (p)}r>0 we have
1
n(k2 − δ2) 6 limr→∞ inf
V ol(Bn+1r (p))
Area(Snr (p))
6 lim
r→∞
sup
V ol(Bn+1r (p))
Area(Snr (p))
6
1
n(k1 − δ1) .
If (Mn+1, F ) is a spae of onstant ag urvature K = −k2 and S-urvature
S = nδ, δ < k, we have
lim
r→∞
V ol(Bn+1r (p))
Area(Snr (p))
=
1
n(k − δ)
2
For a Riemannian spae S = 0 and Theorem 2 is a speial ase of
Theorem 1.
In the setion 4 we give estimates for the volume growth entropy of the
balls.
2 Preliminaries
In this setion we reall some basi fats and theorems from Finsler geometry
that we need. See [3℄, [4℄, [5℄ for details.
2.1 Finsler Metris
By denition, a Finsler metri on a manifold is a family of Minkowski
norms on the tangent spaes. A Minkowski norm on a vetor spae V n is a
nonnegative funtion F : V n → [0,∞) with the following properties
1. F is positively homogeneous of degree one, i.e., for any y ∈ V n and
any λ > 0, F (λy) = λF (y);
2. F is C∞ on V n\{0} and for any vetor y ∈ V n the following bilinear
symmetri form gy : V
n × V n → R is positive denite,
gy(u, v) :=
1
2
∂2
∂t∂s
[F 2(y + su+ tv)]|s=t=0.
The property 2. is also alled the strong onvexity property.
The Minkowski norm is said to be reversible if F (y) = F (−y), y ∈ V n.
In this paper, Minkowski norms are not assumed to be reversible.
By 1. and 2., one an show that F (y) > 0 for y 6= 0 and F (u + v) 6
F (u) + F (v). See [4℄ for a proof.
A vetor spae V n with the Minkowski norm is alled a Minkowski
spae. Notie that reversible Minkowski spaes are nite-dimensional Banah
spaes.
Let (V n, F ) be the Minkowski spae. Then the set I = F−1(1) is alled
the indiatrix in the Minkowski spae. It is also alled the unit sphere.
A set U ⊂ V n is said to be strongly onvex if there exist a funtion F
satisfying 2. suh that ∂U = F−1(1). Remark that a strong onvexity is
equivalent to a positivity of all normal urvatures of ∂U for any eulidean
metri on V n.
LetMn be an n-dimensional onneted C∞-manifold. Denote by TMn =⊔
x∈Mn TxM
n
the tangent bundle of Mn, where TxM
n
is the tangent spae
at x. A Finsler metri on Mn is a funtion F : TMn → [0,∞) with the
following properties
1. F is C∞ on TMn\{0};
3
2. At eah point x ∈Mn, the restrition F |TxMn is a Minkowski norm on
TxM
n
.
The pair (Mn, F ) is alled a Finsler manifold.
Let (Mn, F ) be a Finsler manifold. Let (xi, yi) be a standard loal oordinate
system in TMn, i.e., yi are determined by y = yi ∂
∂xi
|x. For a non-zero vetor
y = yi ∂
∂xi
, put gij(x, y) :=
1
2 [F
2]yiyj (x, y). The indued inner produt gy is
given by
gy(u, v) = gij(x, y)u
ivj ,
where u = ui ∂
∂xi
|x, v = vi ∂∂xi |x.
By the homogeneity of F , we have F (x, y) =
√
gy(y, y) =
√
gij(x, y)yiyj .
In the Riemannian ase gij are funtions of x ∈ Mn only, and in the
Minkowski ase gij are funtions of y ∈ TxMn = V n only.
2.2 Measuring of Area
The notions of length and area are also generalized to Finsler geometry.
Given a Finsler metri F on a manifold Mn.
Let {ei}ni=1 be an arbitrary basis for TxMn and {θi}ni=1 the dual basis
for T ∗xM
n
. The set
Bnx =
{
(yi) ∈ Rn : F (x, yiei) < 1
}
is an open strongly onvex open subset in R
n
, bounded by the indiatrix in
TxM
n
. Then dene
dVF = σF (x)θ
1 ∧ ... ∧ θn,
where
σF (x) :=
V olE(B
n)
V olE(Bnx )
.
Here V olE(A) denotes the Eulidean volume of A, and B
n
is the standard
unit ball in R
n
.
The volume form dVF determines a regular measure V olF =
∫
dVF and
is alled the Busemann-Hausdor volume form.
For any Riemannian metri gij(x)u
ivj the Busemann-Hausdor volume
form is the standard Riemannian volume form
dVg =
√
det(gij)θ
1 ∧ ... ∧ θn.
Let ϕ : Nn−1 →Mn be a hypersurfae in (Mn, F ).
The Finsler metri F determines a loal normal vetor eld as follows. A
vetor nx is alled the normal vetor to N
n−1
at x ∈ Nn−1 if nx ∈ Tϕ(x)Mn
and gnx(y, nx) = 0 for all y ∈ TxNn−1. It was proved in [4℄ that suh vetor
exists. Notie that in general non-symmetri ase the vetor −nx is not a
normal vetor.
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Dene now an indued volume form on Nn−1. Let n be a unit normal
vetor eld along Nn−1. Let F = ϕ∗F be the indued Finsler metri on Nn−1
and dVF be the Busemann-Hausdor volume form of F . For x ∈ Nn−1 we
dene
ζ(x, nx) :=
V olE(B
n)
V olE(Bnx )
V olE(B
n−1
x (nx))
V olE(Bn−1)
.
Here Bnx =
{
(yi) ∈ Rn : F (yiei) < 1
}
. To dene Bn−1x (nx) we take a basis
{ei}ni=1 for Tϕ(x)Mn suh that e1 = nx and {ei}ni=2 is a basis for TxNn−1.
Then Bn−1x (nx) =
{
(yj) ∈ Rn−1 : F (yjej) < 1
}
, where the index j passes
from 2 to n.
Note that if F is Riemannian, then ζ ≡ 1.
Set
dAF := ζ(x, nx)dVF .
The form dAF is alled the indued volume form of dVF with respet to n
[4℄.
The sense of dening suh volume form is given by the o-area formula
[4℄. We shall need the o-area formula in one simple ase for metri balls:
V ol(B(r, p)) =
∫ r
0
V ol(S(t, p))dt. (1)
Here V ol(S(t, p)) is the indued volume on S(t, p).
2.3 Geodesis, Connetions and Curvature
Loally minimizing urves in a Finsler spae are determined by a system of
seond order dierential equations (geodesi equations).
Let (Mn, F ) be a Finsler spae, and c : [a, b] → Mn a onstant speed
pieewise C∞ urve F (c, c˙) = const. Denote the loal funtions Gi(x, y) by
Gi(x, y) =
1
4
gil(x, y)
{
2
∂gjl
∂xk
(x, y)− ∂gjk
∂xl
(x, y)
}
yjyk.
We all Gi(x, y) the geodesi oeients [4℄. Notie that in Riemannian ase
Gi(x, y) = 12Γ
j
ik(x)y
iyk.
Consider the funtionsN ij(x, y) =
∂Gi
∂yj
(x, y). They are alled the onnetion
oeients. At eah point x ∈Mn, dene a mapping
D : TxM
n × C∞(TMn)→ TxMn
by
DyU := {dU i(y) + U jN ij(x, y)}
∂
∂xi
|x,
where y ∈ TxMn and U ∈ C∞(TMn). We all DyU(x) the ovariant
derivative of U at x in the diretion y.
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If c is a solution of the system Dc˙c˙ = 0 then it is alled a geodesi.
Next, we introdue a notion of urvature in Finsler geometry. At rst,
we onsider the generalization of Riemann urvature. In 1926, L. Berwald
extended the Riemann urvature to Finsler metris.
Let (Mn, F ) be a Finsler spae. For a vetor y ∈ TxMn\{0} onsider the
funtions
Rki (y) = 2
∂Gi
∂xk
− ∂
2Gi
∂xj∂yk
yj + 2Gj
∂2Gi
∂yj∂yk
− ∂G
i
∂yj
∂Gj
∂yk
.
For every vetor y ∈ TxMn\{0}, dene a linear transformation
Ry = R
k
i (y)
∂
∂xi
⊗ dxk|x.
Then the family of transformations
R = {Ry : TxMn → TxMn, y ∈ TxMn\{0}, x ∈Mn}
is alled the Riemann urvature [4℄.
Let P ⊂ TxMn be a tangent plane. For a vetor y ∈ P\{0}, dene
K(P, y) :=
gy(Ry(u), u)
gy(y, y)gy(u, u)− gy(y, u)2 ,
where u ∈ P suh that P = span{y, u}. K(P, y) is independent of u ∈ P .
The number K(P, y) is alled the ag urvature of the ag (P, y) in TxM
n
.
The ag urvature is a generalization of the setional urvature in Riemannian
geometry. It an be dened in another way. For a vetor y ∈ TxMn\{0}
onsider the Riemannian metri gˆ(u, v) = gY (u, v). Here the vetor eld Y
is an arbitrary extension of the vetor y. Then the ag urvature K(P, y) of
the ag (P, y) in the Finsler metri F is equal to the setional urvature of
the plane P in the metri gˆ(u, v) . If we hange y, then gˆ(u, v) and K(P, y)
will also hange [3℄.
Dene the Rii urvature by
Ric(y) =
n∑
i=1
Rii(y).
A simply-onneted Finsler spae with non-positive ag urvature is
alled a Finsler-Hadamard spae. In these spaes the generalization of Cartan-
Hadamard's theorem holds [6℄.
The notions of exponential map, ompleteness, ut-lous, onjugate and
foal points in Finsler geometry are dened by the same way as in Riemannian
geometry. For details, see [4℄.
Finally, we introdue some more funtions whih are alled non-Riemannian
urvatures. These urvatures all vanish for Riemannian spaes. We shall need
only one of this urvatures, whih is losely onneted to the volume form.
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Let (Mn, F ) be a Finsler spae. Consider the Busemann-Hausdor volume
form dVF with the density σF . We dene
τ(x, y) = ln
√
det(gij(x, y))
σF (x)
, y ∈ TxMn.
τ is alled the distortion of (Mn, F ). The ondition τ ≡ const implies F is
a Riemannian metri [4℄.
To measure the rate of hanges of the distortion along geodesis, we an
dene [3,4,5℄
S(x, y) =
d
dt
[τ(c(t), c˙(t))] |t=0, y ∈ TxMn
where c(t) is the geodesi with c˙(0) = y. S is alled the S-urvature. It is also
alled the mean ovariation and mean tangent urvature. The loal formula
for the S-urvature is
S(x, y) = Nmm (x, y)−
ym
σF (x)
∂σF
∂xm
(x).
One an easily show that S = 0 for any Riemannian metri.
A Finsler metri F is said to be of onstant S-urvature δ if
S(x, y) = δF (x, y)
for all y ∈ TxMn\{0} and x ∈ Mn. The upper and lower bounds of S-
urvature are dened by the same way.
2.4 Geometry of Hypersurfaes and Comparison Theorems
Let (Mn, F ) be a Finsler manifold and ϕ : Nn−1 → Mn be a hypersurfae.
Let F = ϕ∗F denote the indued Finsler metri on Nn−1. Let ρ be a C∞-
distane funtion on an open subset U ⊂Mn suh that ρ−1(s) = Nn−1 ∩ U
for some s. Let dVF denotes the Busemann-Hausdor volume form of F , dAt
denote the indued volume form of Nn−1t = ρ
−1(t). Let c(t) be an integral
urve of ∇ρ with c(0) ∈ Nn−1s . We have ρ(c(t)) = t, hene c(ε) ∈ Nn−1s+ε for
small ε > 0. By denition, the ow φε of ∇ρ satises
φε(c(s)) = c(s + ε).
φε : N
n−1 ∩ U = Nn−1s → Nn−1s+ε .
The (n− 1)-form φ∗εdAs+ε is a multiply of dAs. Thus there is a funtion
Θ(x, ε) on Nn−1 suh that
φ∗εdAs+ε|x = Θ(x, ε)dAs|x, , ∀x ∈ Nn−1,
Θ(x, 0) = 1, ∀x ∈ Nn−1.
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Set
Πnx =
∂
∂ε
(lnΘ(x, ε)) |ε=0.
Πnx is alled he mean urvature of N
n−1
at x with respet to nx := ∇ρx [4℄.
We also need some estimates on the mean urvature of the metri sphere.
The following theorem gives these estimates. For a given real λ, put
sλ(t) =
sin(
√
λt)√
λ
, λ > 0,
sλ(t) = t, λ = 0,
sλ(t) =
sinh(
√−λt)√−λ , λ < 0.
Theorem 3. [4℄
Let (Mn, F ) be an n-dimensional positively omplete Finsler spae. Let
Πt denote the mean urvature of S(p, t) in the ut-domain of p with respet
to the outward-pointing normal vetor.
1. Suppose that
K 6 λ, S 6 (n − 1)δ.
Then
Πt > (n− 1)s
′
λ(t)
sλ(t)
− (n− 1)δ. (2)
2. Suppose that
Ric > nλ, S > −(n− 1)δ.
Then
Πt 6 (n− 1)s
′
λ(t)
sλ(t)
+ (n− 1)δ. (3)
Theorem 4. [4℄ Let (Mn, F ) be an n-dimensional positively omplete
Finsler spae. Suppose that for onstants λ 6 0 and δ > 0 with
√−λ−δ > 0,
the ag urvature and the S-urvature satisfy the inequalities
K 6 λ, S 6 (n− 1)δ.
Then for any regular domain Ω ⊂Mn,
V ol(Ω) 6
V ol(∂Ω)
(n− 1)(√−λ− δ)
Remark that the right asymptoti estimate in Theorem 2 is proved in
Theorem 4.
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3 Relation between area and volume for balls in
Finsler-Hadamard manifolds
In this setion we prove Theorem 2.
P r o o f o f T h e o r e m 2 :
Let SpM
n+1
denote the unit sphere in TpM
n+1
. Fix a vetor y ∈ SpMn+1.
Let {ei}n+1i=1 be a basis for TpMn+1 suh that
e1 = y, gy(y, ei) = 0, i = 2, ..., n + 1.
Extend {ei}ni=1 to a global frame on TpMn+1 in a natural way. Let {θi}n+1i=1
denote the basis for T ∗xM
n+1
dual to {ei}n+1i=1 . Express dVF at p by
dVF (p) = σF (p)θ
1 ∧ ... ∧ θn+1,
σF (p) =
V olE(B
n+1)
V olE({(yi) ∈ Rn+1 : F (yiei) < 1}) .
Thus we obtain the volume form dVp on TpM
n+1
. Denote by dAp the indued
volume form by dVp on SpM
n+1
.
Dene the dieomorsm ϕt : SpM
n+1 → Snt (p) [4℄ by
ϕt(y) = expp(ty), y ∈ SpMn+1, t > 0.
Let dAt denote the indued volume form on S
n
t (p) by dVF . Dene
ηt : SpM
n+1 → [0,∞)
by
ϕ∗t dAt|ϕt(y) = ηt(y)dAp|y. (4)
Integrating (4) over SpM
n+1
, we have
Area(Snt (p)) =
∫
SpMn+1
ηt(y)dAp.
Applying the o-area formula (1), we obtain
V ol(Bn+1r (p)) =
∫ t
0
(∫
SpMn+1
ηs(y)dAp
)
ds.
Remark that in the Riemannian ase ηt is the Jaobian of the exponential
map, and the expliit expression for the Jaobian gives us all the neessary
estimates. Unfortunately, the integration of suh estimates only leads to
"oarse" estimates for Finsler geometry.
Now, let us estimate ηt. For a small number ε > 0 dene the ow
φε(x) = ϕt+ε ◦ ϕ−1t (x), x ∈ Snt (p). (5)
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For a point x ∈ Snt (p), there is an open neighborhood U of x suh that
φε is dened on U . The Cartan-Hadamard theorem guarantees the non-
existene of onjugate points in all Mn+1, i.e., the existene of metri balls
of arbitrary radii.
As in the denition of mean urvature dene Θ(x, ε) by
φ∗εdAs+ε|x = Θ(x, ε)dAs|x.
Using (4), (5) we get
Θ(x, ε) =
ηt+ε(y)
ηt(y)
, x = ϕt(y). (6)
Let Πt denote the mean urvature or S
n
t (p) at x with respet to the
outward-pointing normal vetor. From the denition of mean urvature and
(6), we have
Πt =
∂
∂ε
(lnΘ(x, ε)) |ε=0 = d
dt
(ln ηt(y)). (7)
Dene χi(t) by
χi(t) =
(
e−δit
sinh(kit)
ki
)n
.
Then we have
d
dt
(lnχi(t)) = nki coth(kit)− nδi. (8)
Taking into aount the restritions on urvature we an apply Theorem
3. Then using (2), (3) we get
nk1 coth(k1t)− nδ1 6 Πt 6 nk2 coth(k2t)− nδ2.
This implies:
d
dt
(
ηt(y)
χ2(t)
)
6 0,
d
dt
(
ηt(y)
χ1(t)
)
> 0,
and
ηt2(y)χ1(t1) > ηt1(y)χ1(t2),
ηt2(y)χ2(t1) 6 ηt1(y)χ2(t2), 0 < t1 6 t2.
Integrating over SpM
n+1
with respet to dAp, we obtain
Area(Snt2(p))χ1(t1) > Area(S
n
t1
(p))χ1(t2),
Area(Snt2(p))χ2(t1) 6 Area(S
n
t1
(p))χ2(t2), 0 < t1 6 t2.
Integrating from 0 to t2 with respet to t1, we obtain
Area(Snt2(p))
∫ t2
0
χ1(t)dt > V ol(B
n+1
t2
(p))χ1(t2),
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Area(Snt2(p))
∫ t2
0
χ2(t)dt 6 V ol(B
n+1
t2
(p))χ2(t2), 0 < t2.
Hene, we get
χ1(r)∫ r
0 χ1(t)dt
6
Area(Snr (p))
V ol(Bn+1r (p))
6
χ2(r)∫ r
0 χ2(t)dt
,
or∫ r
0
(
e−δ2t sinh(k2t)
)n
dt
(e−δ2r sinh(k2r))
n 6
V ol(Bn+1r (p))
Area(Snr (p))
6
∫ r
0
(
e−δ1t sinh(k1t)
)n
dt
(e−δ1r sinh(k1r))
n , r > 0
Let us estimate these integrals.
∫ r
0
(
e−δ1t sinh(k1t)
)n
dt
(e−δ1r sinh(k1r))
n =
1
(e−δ1r)n
∫ r
0
(
e−δ1t
ek1t − e−k1t
ek1r − e−k1r
)n
dt 6
6
1
(e−δ1r)n
∫ r
0
(
e−δ1t+k1(t−r)
)n
dt =
enδ1r
n(k1 − δ1)
(
e−nδ1r − e−nk1r
)
=
=
1
n(k1 − δ1)
(
1− e−nr(k1−δ1)
)
:= F(r)
We an estimate the following integral by using the fat that (1− a)n >
1− na for 0 6 a 6 1.
∫ r
0
(
e−δ2t sinh(k2t)
)n
dt
(e−δ2r sinh(k2r))
n =
enδ2r
(1− e−2k2r)n
∫ r
0
e−nδ2t
(
1− e−2k2t
)n
ek2n(t−r)dt >
>
enδ2r
(1− e−2k2r)n
∫ r
0
e−nδ2t
(
1− ne−2k2t
)
ek2n(t−r)dt =
enδ2r
(1− e−2k2r)n
[
1
n(k2 − δ2)
(
e−nδ2r − e−nk2r
)
− n
n(k2 − δ2)− 2k2
(
e−nδ2r−2k2r − e−nk2r
)]
=
1
(1− e−2k2r)n
[
1
n(k2 − δ2)
(
1− e−n(k2−δ2)r
)
− n
(k2 − δ2)− 2k2
(
e−2k2r − e−n(k2−δ2)r
)]
:= f(r)
Thus, we have
f(r) 6
V ol(Bn+1r (p))
Area(Snr (p))
6 F(r).
Using the inequalities δi < ki, we have
lim
r→∞
f(r) =
1
n(k2 − δ2)
lim
r→∞
F(r) = 1
n(k1 − δ1)
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As a onsequene, we have
1
n(k2 − δ2) 6 limr→∞ inf
V ol(Bn+1r (p))
Area(Snr (p))
6 lim
r→∞
sup
V ol(Bn+1r (p))
Area(Snr (p))
6
1
n(k1 − δ1) .
In the ase when K = −k2, k > 0, S = nδ, δ < k, by denoting k1 = k2 =
k, δ1 = δ2 = δ, we have
lim
r→∞
V ol(Bn+1r (p))
Area(Snr (p))
=
1
n(k − δ) .
This ompletes the proof.

E x a m p l e 1. Let U be a open bounded strongly onvex domain in Rn.
Take a point x ∈ U and a diretion y ∈ TxU\{0} ≃ U\{0}. Then the Funk
metri F (x, y) is a Finsler metri that satises the following ondition
x+
y
F (x, y)
∈ ∂U.
The indiatrix at eah point for the Funk metri is a domain that is a
translate of U .
The Hilbert metri is a symmetrized Funk metri:
F˜ (x, y) :=
1
2
(F (x, y) + F (x,−y)) .
Note that for the Funk metri Bnx = U . Thus
σF (x) =
V olE(B
n)
V olE(Bnx )
=
V olE(B
n)
V olE(U)
= const.
Let F be the Funk metri and let F be the Hilbert metri on a strongly
onvex domain U in Rn.
Then geodesis of the Funk and Hilbert metris are straight lines, the
Funk metri is of onstant ag urvature −14 , the Hilbert metri is of onstant
ag urvature −1, and the Funk metri is of onstant S-urvature n+12 [4℄.
Let F be the Funk metri on a strongly onvex domain U in Rn+1. It
is known that the S-urvature is equal to S = n+22 = nδ, ag urvatures is
equal to −k2 = −14 . Then the ondition δ < k does not hold.
It is known that for the Funk metri
V ol(Bn+1r (p))
Area(Snr (p))
=
∫ r
0
(
e−
n+2
2n
t sinh( t2 )
)n
dt(
e−
n+2
2n
r sinh( r2 )
)n
and one an show that
lim
r→∞
V ol(Bn+1r (p))
Area(Snr (p))
=∞.
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Indeed, using Mathematia program, one an ompute that
∫ r
0
(
e−
n+2
2n
t sinh( t2 )
)n
dt(
e−
n+2
2n
r sinh( r2 )
)n = (er − 1)n+ 1
(
e−
(n+1)
n
r(er − 1)
e−
(n+r)
n
r(er − 1)
)n
It is lear that suh funtion grows to innity as r tends to innity.
In an (n+1)-dimensional Eulidean spae suh ratio also tends to innity.
This shows that the restritions δi < ki in the hypothesis of the theorem
are essential.

4 Estimates on the volume growth entropy
Let (Mn+1, F ) be a Finsler manifold. Then the exponential speed of the
volume growth of a ball of radius t > 0 is alled the volume growth entropy
of (Mn+1, F ). The expliit expression for the volume growth entropy is given
by
lim
t→∞
ln(V ol(Bn+1t (p))
t
.
In this setion we estimate the volume growth entropy of a Finsler-
Hadamard manifold with the pinhed ag urvature and the S-urvature.
Theorem 5. Let (Mn+1, F ) be an (n+1)-dimensional Finsler-Hadamard
manifold that satises the following ondition:
1. Flag urvature satises the inequalities −k22 6 K 6 −k21, k1, k2 > 0,
2. S-urvature satises the inequalities nδ1 6 S 6 nδ2 suh that δi < ki.
Then we have
n(k1 − δ1) 6 lim
t→∞
ln(V ol(Bn+1t (p))
t
6 n(k2 − δ2)
If (Mn+1, F ) is a spae of onstant ag urvature K = −k2 and S-
urvature S = nδ, δ < k, we have
lim
t→∞
ln(V ol(Bn+1t (p))
t
= n(k − δ)
P r o o f o f T h e o r e m 5 :
Dene χi(t) by
χi(t) =
(
e−δit
sinh(kit)
ki
)n
.
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It was proved in [3℄, [4℄ that under the onditions 1. and 2. the volume
of a metri ball satises
V olE(S
n)
∫ t
0
χ1(s)ds 6 V ol(B
n+1
t (p)) 6 V olE(S
n)
∫ s
0
χ2(s)ds (9)
By the diret omputation, we have∫ t
0
(
e−δ2s
sinh(k2s)
k2
)n
ds 6
1
kn2
∫ t
0
esn(k2−δ2)ds =
=
1
n(k2 − δ2)kn2
(
etn(k2−δ2) − 1
)
Therefore, we get
lim
t→∞
ln(V ol(Bn+1t (p))
t
6 n(k2 − δ2).
Next,∫ t
0
(
e−δ1s
sinh(k1s)
k1
)n
ds >
1
kn1
∫ t
0
e−snδ1(1− ne−2k1s)ek1snds =
=
1
kn1
[
1
n(k1 − δ1) (e
tn(k1−δ1) − 1) + n
k1(n − 2)− nδ1 (e
tk1(n−2)−nδ1 − 1)
]
.
This implies
lim
r→∞
ln(V ol(Bn+1r (p))
r
> n(k1 − δ1)
And Theorem 5 follows easily.

E x a m p l e 2. Let F be the Funk metri on a strongly onvex domain
U in Rn+1. Then the ondition δ < k does not hold.
Then analogously as in Example 1 one an show that
lim
t→∞
ln(V ol(Bn+1t (p))
t
= 0.
In an (n+1)-dimensional Eulidean spae suh ratio also tends to zero.
This shows that the restritions δi < ki in the hypothesis of the theorem
are essential.
In was shown in [7℄ that for the Hilbert metri F on a strongly onvex
domain U in Rn+1
lim
t→∞
ln(V ol(Bn+1t (p))
t
= n.
Reall that n is preisely the volume growth entropy of Hn+1.

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